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In this paper we present a robust controller design methodology for vehicle rollover prevention utilizing active steering. Control design is based on keeping the
magnitude of the vehicle load transfer ratio (LTR) below a certain level in the presence of driver steering inputs; we also develop an exact expression for LTR.
The proposed controllers have a proportional-integral structure whose gain matrices are obtained using the results of Pancake, Corless and Brockman. These
controllers reduce the transient magnitude of the LTR while maintaining the steady state steering response of the vehicle. The controllers can be designed to
be robust with respect to vehicle parameters such as speed and centre of gravity height. We also provide a modification to the controllers so that they only
activate when the potential for rollover is significant. Numerical simulations demonstrate the efficacy of our approach and the resulting controllers.
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1 Introduction
It is well known that vehicles with a high center of gravity such as vans, trucks and the highly popular SUVs
(Sport Utility Vehicles) are more prone to rollover accidents. According to the 2004 data (NTHSA, 2006), light
trucks (pickups, vans and SUVs) were involved in nearly 70% of all the rollover accidents in the USA, with SUVs
alone responsible for almost 35% of this total. The fact that the composition of the current automotive fleet in the
U.S. consists of nearly 36% pickups, vans and SUVs (Carlson et al., 2003), along with the recent increase in the
popularity of SUVs worldwide, makes rollover an important safety problem.
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There are two distinct types of vehicle rollover: tripped and un-tripped rollover. Tripped rollover is usually caused
by impact of the vehicle with something else (e.g. obstacles, curb etc.) resulting in the rollover incident. Driver
induced un-tripped rollover can occur during typical driving situations and poses a real threat for top-heavy vehicles.
Examples are excessive speed during cornering, obstacle avoidance and severe lane change maneuvers, where
rollover occurs as a direct result of the wheel forces induced during these maneuvers. It is however, possible to
prevent such a rollover incident by monitoring the car dynamics and applying appropriate control effort ahead of
time. Therefore there is a need to develop driver assistance technologies which would be transparent to the driver
during normal driving conditions, but which act when needed to recover handling of the vehicle during extreme
maneuvers (Carlson et al., 2003).
In this paper we present a robust rollover prevention controller design methodology based on active steering. As
an accurate indicator of impending rollover, we consider the vehicle Load Transfer Ratio (LTR). Vehicle wheel lift
off occurs when the magnitude of this variable reaches one. We develop an exact expression for this variable taking
the vehicle roll dynamics fully into account. To distinguish our expression from previous approximations of LTR in
the literature, we denote it by LT Rd; these approximations usually ignored roll dynamics.
Our proposed controllers have a PI (proportional-integral) structure with two fixed gain matrices KP and KI . By
utilizing the integral action in the controller, we ensure that the steady state steering response of the vehicle is as
expected by the driver. The gain matrices are chosen to reduce the magnitude of LT Rd during transient behavior.
The design of the controller gain matrices is based on recent results in (Pancake et al., 2000) where they consider
uncertain systems with performance outputs and subject to a bounded disturbance input. For each output z j they
introduce a performance measure γ j which guarantees that the magnitude of the output is less than or equal to
γ j times the peak value of the magnitude of the disturbance. They present a controller design procedure which
can be used to minimize the performance level for one main output while keeping the performance levels for the
other outputs below some prespecified levels. In addition the controllers in (Pancake et al., 2000) are robust in
the sense that they ensure performance in the presence of any allowable uncertainty which was taken into account
in the control design. In applying the results from (Pancake et al., 2000), we consider the driver steering input
as a disturbance input. Since we wish to keep the magnitude of LT Rd less than one, we view this as the main
performance output. To limit the amount of control effort, we choose the control input as an additional performance
output. Many control designs in the literature are based on keeping the root mean square of a performance output
small. However, we consider it more important to utilize a controller which is designed to keep the peak magnitude
of LT Rd small rather than its rms value.
We initially consider control design for fixed vehicle parameters and illustrate the efficacy of our approach with
some numerical simulations using typical data for a compact car. We then design a fixed robust controller which is
effective for a range of vehicle speeds and vehicle CG (centre of gravity) heights. The efficacy of this controller is
illustrated by simulating the vehicle with different CG heights and with varying speeds. Finally, we propose a mod-
ification to our controllers so that they only activate when the potential for rollover is significant. This modification
prevents the controllers from activating in non-critical situations and possibly annoying the driver.
2 Related work
Rollover prevention is a topical area of research in the automotive industry and several studies have recently been
published. Relevant publications include that of Palkovics et al. (1999), where they proposed the ROP (Roll-Over
Prevention) system for use in commercial trucks making use of lateral acceleration measurement as well as the
wheel slip difference on the two sides of the axles to predict tire lift-off prior to rollover. They utilized full braking
action through EBS (Electronic Brake System) in the event that tire lift-off is detected, which in turn reduces
vehicle speed to eliminate the rollover threat. In a similar implementation, Wielenga (1999) suggested the ARB
(Anti Roll Braking) system utilizing braking of the individual front wheel outside the turn or the full front axle
instead of the full braking action. The suggested control system is based on lateral acceleration thresholds and/or
tire lift-off sensors in the form of simple contact switches. Again making use of differential braking actuators,
Chen et al. (2001) suggested utilizing an estimated TTR (Time To Rollover) metric as an early indicator for the
rollover threat. When TTR is less than a certain preset threshold value for the particular vehicle under interest, they
utilized differential breaking to prevent rollover. Ackermann et al. (1998), and Odenthal et al. (1999) proposed a
robust active steering controller, as well as a combination of active steering and emergency braking controllers.
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They utilized an active steering controller based on roll rate measurement. They also suggested the use of a static
Load Transfer Ratio (LT Rs) which is based on lateral acceleration measurement; this was utilized as a criterion
to activate the emergency steering and braking controllers. Carlson et al. (2003) made use of sideslip, yaw rate,
roll angle and roll rate measurements based on GPS aided INS (Inertial Navigation System) along with steer by
wire and differential braking actuators to limit excessive roll angle during dangerous maneuvers. They based their
controller design on MPC (Model Predictive Control).
3 Vehicle modelling and LT Rd
In this section we introduce the model that we use for controller design. We also define the rollover detection
criterion LT Rd and present the assumptions on the sensors and actuators used in the design.
3.1 Vehicle model
In order to capture the salient features of vehicle rollover and for controller design purposes, we utilize the
well known linearized vehicle model commonly referred as the single-track model (or bicycle model) with a
roll degree of freedom; this is illustrated in Figure 1. This specific model or its variations are widely used in
vehicle dynamics control applications (see for example Carlson et al. (2003), Takano et al. (2001), Ackermann
et al. (1998), Odenthal et al. (1999), Chen et al. (2001), Hac et al. (2004), Kiencke et al. (2000)). In this linear
model the steering angle δ , the roll angle φ , and the vehicle sideslip angle β are all assumed to be small. We
further assume that all the vehicle mass is sprung, which implies insignificant wheel and suspension weights. Also
Figure 1. Single track model with roll degree of freedom.
the lateral forces on the front and rear tires, denoted by Sv and Sh, respectively, are represented as linear functions
of the tire slip angles αv and αh, that is, Sv = Cvαv and Sh = Chαh, where Cv and Ch are the front and rear tire
stiffness parameters respectively. The assumptions of small angles and linear tire forces are probably an over
simplification of the nonlinear vehicle behavior at the rollover limit, yet these provide a good balance between
capturing the salient features of vehicle behavior while keeping the complexity at a manageable level. In order
to simplify the model description, we further define the following auxiliary variables
σ , Cv +Ch ,
ρ , Chlh−Cvlv , (1)
κ , Cvl2v +Chl2h ,
where the lengths lv and lh are defined in Figure 1. For simplicity, it is assumed that the sprung mass rolls about a
horizontal roll axis which is along the centerline of the track and at ground level. Using the parallel axis theorem of
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Table 1. Model Parameters and their definitions
Parameter Description Unit
m vehicle mass [kg]
v vehicle speed [m/s]
δ steering angle [rad]
Jxx roll moment of inertia of the sprung mass measured at the CG [kg ·m2]
Jzz yaw moment of inertia of the chassis measured at the CG [kg ·m2]
lv longitudinal CG position measured w.r.t. the front axle [m]
lh longitudinal CG position measured w.r.t. the rear axle [m]
h CG height measured over the ground [m]
c suspension damping coefficient [kg ·m2/s]
k suspension spring stiffness [kg ·m2/s2]
Cv linear tire stiffness coefficient for the front tire [N/rad]
Ch linear tire stiffness coefficient for the rear tire [N/rad]
mechanics, Jxeq , the moment of inertia of the vehicle about the assumed roll axis, is given by
Jxeq = Jxx +mh2, (2)
where h is the distance between the center of gravity (CG) and the assumed roll axis and Jxx is the moment of inertia
of the vehicle about the roll axis through the CG. We introduce the state vector ξ = [vy ψ˙ ˙φ φ]T , where
vy : lateral velocity of the vehicle,
ψ˙ : yaw rate of the undercarriage,
˙φ : roll rate of the sprung mass about the roll axis,
φ : roll angle of the sprung mass about the roll axis.
The linearized equations of motion corresponding to this model are as follows
˙ξ = ˜Aξ + ˜Bδ
with (3)
˜A =


−σJxeq
mvJxx
ρJxeq
mvJxx −v − hcJxx
h(mgh−k)
Jxx
ρ
Jzzv − κJzzv 0 0
− hσ
vJxx
hρ
vJxx − cJxx
mgh−k
Jxx
0 0 1 0


, ˜B =


CvJxeq
mJxx
Cvlv
Jzz
hCv
Jxx
0


.
Further definitions of the parameters appearing in (3) are given in Table 1. Also see Kiencke et al. (2000) for a
detailed description and derivation of this vehicle model.
3.2 The dynamic load transfer ratio, LT Rd
Traditionally, as discussed in the related work section, some estimate of the vehicle load transfer ratio has been used
as a basis for the design of rollover prevention systems. The load transfer ratio (Odenthal et al., 1999; Kamnik et
al., 2003) can be simply defined as the load (i.e., vertical force) difference between the right and left wheels of the
vehicle, normalized by the total load (i.e., the weight of the car). In other words,
Load transfer ratio = Load on right tires – Load on left tires
Total weight
. (4)
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Clearly, this quantity varies between −1 and 1, and for a perfectly symmetric vehicle that is driving in a straight
line, it is zero. The extrema are reached in the case of a wheel lift-off on one side of the vehicle, in which case the
load transfer ratio is 1 or −1 depending on the side that lifts off. If roll dynamics are ignored, it is easily shown
(Odenthal et al., 1999) that the corresponding load transfer ratio (which we denote by LT Rs) is approximated by
LT Rs =
2ayh
gT
, (5)
where ay is the lateral acceleration of the CG and T is the vehicle track width.
Note that rollover estimation based upon (5) is not sufficient to detect the transient phase of rollover (due to the
fact that it is derived ignoring roll dynamics). In (Solmaz et al., 2006) we obtain an exact expression for the vehicle
load transfer ratio which does not ignore roll dynamics; we denote this by LT Rd . To aid exposition we repeat the
derivation here. Recall that we assumed the unsprung mass weight to be insignificant and the main body of the
vehicle rolls about an axis along the centerline of the track at the ground level. We can write a torque balance for
the unsprung mass about the assumed roll axis in terms of the suspension torques and the vertical wheel forces as
follows:
−FR T2 +FL
T
2
+ kφ + c ˙φ = 0 . (6)
Now substituting the definition of load transfer from (4) and rearranging yields the following expression for LT Rd :
LT Rd =
2
mgT
(
c ˙φ + kφ) . (7)
In terms of the state, LT Rd can be represented by the following relationship
LT Rd = ˜Cξ where ˜C =
[
0 0 2c
mgT
2k
mgT
]
. (8)
We now provide a brief description of the actuators to be used in implementing our proposed active steering
controllers.
3.3 Actuators, sensors and parameters
We are interested in robust control design based on active steering actuators. There are two types of active steering
methods: full steer-by-wire and mechatronic-angle-superposition types. Steer-by-wire actuators do not contain a
physical steering column between the steering wheel and the wheels; the steering torque is generated solely by a
servo motor based on the driver steering command. This enables steer-by-wire actuators to be flexible and suitable
for various vehicle dynamics control applications. However, stringent safety requirements on such systems pre-
vent them from entering today’s series-production vehicles. Mechatronic-angle-superposition type active steering
actuators however have been recently introduced to the market. They contain a physical steering column and act co-
operatively with the driver, while they permit various functions such as speed dependent steering ratio modification,
and active response to mild environmental disturbances. It is plausible that active steering actuators will become
an industry standard in the near future, due to their capability of directly and most efficiently affecting the lateral
dynamics of the car. Active steering based lateral control methods can be perfectly transparent to the driver and they
are likely to cause the least interference with the driver intent unlike the control approaches based on differential
braking and active suspension. Moreover, the use of active steering actuators do not result in a significant velocity
loss, therefore they are likely to enter the market initially for the high performance vehicle segment.
In this paper we assume mechatronic-angle-superposition type steering actuators with access to full state infor-
mation. Although such active steering actuators require inputs from the driver, for the sake of keeping the
discussion as simple as possible, in this paper we assume no internal actuator dynamics or delays that might
arise from driver interactions. It is however possible to account for the effects of these in the controller de-
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sign. Also our results can easily be extended to the case of steer-by-wire actuators where driver interactions are
of less importance.
We also assume in this paper that all the model parameters m,Jxx,Jzz, lv, lh,Cv,Ch,k,h,c are known. This
is an unrealistic assumption: yet our control design is easily extended to account for uncertainty in these
parameters which we demonstrate by designing our controllers to be robust with respect to uncertainties
in vehicle speed v and center of gravity height h. As a side note, although we assumed all the vehicle model
parameters to be known, it is possible to estimate some of these that are fixed (but unknown) using the sensor
information available for the control design suggested here; this however is outside the scope of this work
(see Akar et al., 2006).
4 State feedback controllers for robust disturbance attenuation
In a later section, we will utilize the results obtained by Pancake, Corless and Brockman (Pancake et al., 2000,
2006) to design controller gain matrices. (Pancake et al., 2000, 2006) consider uncertain systems of the form
x˙ = A(θ)x+B(θ)ω +Bu(θ)u (9)
z j = C j(θ)x+D j(θ)ω +D ju(θ)u , (10)
where θ is some parameter vector (which can be time and state dependent) that captures the plant nonlinear-
ity/uncertainty. The vector vector x(t) is the state at time t and ω(t) is a bounded disturbance input while u(t) is
the control input and z1(t), . . . ,zr(t) are the performance outputs. For each output z j (Pancake et al., 2000, 2006)
introduce a measure of performance measure γ j which guarantees that the magnitude of that output is less than
or equal to γ j times the peak value of the magnitude of the disturbance. They present a controller design strategy
which can be used to minimize the performance level for one main output while keeping the performance levels for
the other outputs below some prespecified levels. In addition the controllers in (Pancake et al., 2000) are robust in
the sense that they ensure performance in the presence of any allowable uncertainty which was taken into account
in the control design. The uncertainty in the plant is required to satisfy the following condition.
Assumption 4.1 For each θ and j = 1, . . . ,r, the matrix
[
A(θ) B(θ) Bu(θ) C j(θ) D j(θ) D ju(θ)
] (11)
can be written as a convex combination of a finite number of matrices (called vertex matrices)
[
A1 B1 Bu1 C j1 D j1 D ju1
]
, . . . ,
[
AN BN BuN C jN D jN D juN
]
.
Remark 1 Suppose that each of the matrices A(θ), B(θ), Bu(θ), C j(θ), D j(θ), D ju(θ) depend in a multi-affine
fashion on the components of the M-vector θ and each element of θ is bounded, that is,
θ k ≤ θk ≤ θ k for k = 1, . . . ,M .
Then, for all θ , the matrix in (11) can be expressed as a convex combination of the 2M matrices corresponding to
the extreme values of the components of θ ; these vertex matrices are given by
[
A(θ) B(θ) Bu(θ) C j(θ) D j(θ) D ju(θ)
]
where θk = θ k or θ k for k = 1, . . . ,M . (12)
The following result from (Pancake et al., 2000, 2006) is useful in designing our rollover prevention controllers.
THEOREM 4.2 Consider a nonlinear/uncertain system described by (9)-(10) and satisfying Assumption 4.1. Sup-
pose that there exist a matrix S = ST > 0, a matrix L and scalars β1, . . .βN > 0 and µ0,µ1 j,µ2 j ≥ 0, j = 1, . . . ,r,
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such that the following matrix inequalities hold
[βi(SATi +AiS+LT BTui+BuiL)+S βiBiβiBTi −µ0I
]
≤ 0, (13)

 −µ1 jS 0 SC
T
ji +L
T DTjui
0 −µ2 jI DTji
C jiS+D juiL D ji −I

≤ 0, (14)
for all i = 1, . . . ,N and j = 1, . . . ,r. Then the controller
u = Kx with K = LS−1 (15)
results in a closed loop nonlinear/uncertain system which has the following properties.
(a) The undisturbed system (ω = 0) is globally exponentially stable, that is, all state trajectories decay exponen-
tially.
(b) If the disturbance input is bounded, that is, ‖ω(t)‖ ≤ ρω for all t then, for zero initial state, the performance
outputs z1, . . . ,zr of the closed loop system are bounded and satisfy
‖z j(t)‖ ≤ γ jρω (16)
for all t where
γ j =
√
µ0µ1 j + µ2 j. (17)
The scalars γ1, . . . .γr are called levels of performance and can be regarded as measures of the ability of the closed
loop system to attenuate the effect of the disturbance input on the performance outputs; a smaller γ j means better
performance in the sense of increased attenuation. For a proof of the theorem, see (Pancake et al., 2006).
Remark 2 Consider the situation in which the matrices D j1 , . . . ,D jN are all zero for some performance output z j.
Then, for each i, inequality (14) is satisfied for some µ2j ≥ 0 if and only if it is satisfied with µ2j = 0. Hence, if
D j1 , . . . ,D jN are all zero, inequality (14) can be replaced with
[ −µ1jS SCTji +LT DTjui
C jiS+D juiL −I
]
≤ 0 . (18)
In this case,
γ j =
√µ0µ1j . (19)
Also, using Schur complements, one can show that the above inequality is equivalent to the following inequality
which is linear in the variables S and µ1 j.
[ −S SCTji +LT DTjui
C jiS+D juiL −µ1j I
]
≤ 0 . (20)
Remark 3 Consider the closed loop system subject to a fixed bounded disturbance ω which satisfies ‖ω(t)‖ ≤ ρω ,
let
V (x) = xT Px (21)
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and consider the bounded ellipsoid in state space defined by
E (ρω) =
{
x ∈ Rn : V (x)≤ µ0ρ2ω
}
. (22)
The inequalities in (13) guarantee that whenever a state trajectory is outside of the ellipsoid the time rate change
of the Lyapunov function V is negative. From this one can show that the ellipsoid is both invariant and attractive.
Attractive means that all state trajectories converge to the ellipsoid with increasing time. Invariance means that if a
state trajectory starts in the ellipsoid, it remains there forever; in particular, if a trajectory starts at the origin, it will
always be contained in the ellipsoid.
The inequalities in (14) guarantee that each performance output z j satisfies
‖z j(t)‖2 ≤ µ1 jV (x(t))+ µ2 jω(t)2 . (23)
Hence, if a trajectory starts within the ellipsoid, it must satisfy ‖z j(t)‖ ≤ γ j ρω for all t. Otherwise, ‖z j(t)‖ is
“eventually bounded” by γ j ρω .
5 Rollover control design
We now apply the results described in the previous section to the rollover prevention problem. We first present a
design under the assumption that the plant parameters are known and fixed (Part a). We then extend our design to
cope with plant parameter uncertainties (Part b). Finally, we further refine our design to incorporate a mode switch
to deactivate the controller in situations when there is no rollover danger (Part c).
5.1 (a) Active steering PI controller with known plant parameters
Our objective here is to superimpose an active steering control input u = δc on the driver steering input δd to prevent
rollover. Thus, the total steering input δ to the vehicle consists of two parts and is given by
δ = δd +u . (24)
The driver input δd will be regarded as a disturbance input ω . Recalling model (3), our system is now described by
˙ξ = ˜Aξ + ˜Bω + ˜Bu, (25)
where ξ (t) ∈ R4 is the state at time t ∈ R, u(t) is a scalar control input and ω(t) is a scalar disturbance input. The
matrices ˜A and ˜B are fixed and are as described as in (3).
We propose a proportional-integral (PI) type state feedback controller of the form
u = KPξ +KIξI , (26)
where the integrator state ξI is the integral of the yaw rate tracking error:
˙ξI = ψ˙ − ψ˙d , ξI(0) = 0 . (27)
The reference yaw rate ψ˙d is given by
ψ˙d = αδd , (28)
for a constant gain α . Although this is a major simplification of the reference driver intent, we chose this linear
expression for the sake of simplicity. The resulting control structure is depicted in Figure 2 below.
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Comment : The purpose of utilizing the integral action in the controller is to guarantee that when driver input δd
is constant, the corresponding steady state yaw rate is given by ψ˙ = ψ˙d = αδd . This yaw rate will be large for large
δd and will result in a large steady state value of LT Rd . To avoid this one could saturate ψ˙d at a certain value such
that, in steady state, ||LT R|| stays below 1, regardless of the driver input.
Figure 2. Flow diagram of the PI active steering controller.
We want the controller to keep the magnitude of LT Rd small during transients with reasonable control effort. In
view of this, we introduce the following two performance outputs:
z1 = LT Rd = ˜Cξ (29)
z2 = u, (30)
where ˜C is given in (7). Augmenting the vehicle dynamics with the integrator dynamics and introducing the aug-
mented state x = [ξ T ξI ]T results in the following system description:
x˙ = Ax+Bω +Buu
z1 = C1x (31)
z2 = D2uu,
where
A =
[
˜A 0
cψ˙ 0
]
, B =
[
˜B
−α
]
, Bu =
[
˜B
0
]
, C1 =
[
˜C 0
]
, D2u = 1 (32)
and cψ˙ = [0 1 0 0 ]. Also, a proposed controller (26) can be described by u = Kx where
K =
[
KP KI
]
. (33)
In view of our original control objectives, we will use the results of Theorem 4.2 to obtain a gain matrix K
which minimizes the level of performance γ1 for z1 while keeping the level of performance γ2 for z2 below some
prespecified level γ2.
5.1.1 Simulations. The model parameters used here are given in Table 2. They are typical for a compact car. The
steering ratio was assumed to be 1:18. In using Theorem 4.2 to obtain a gain matrix K which minimizes the level
of performance γ1 for z1 subject to a specified level of performance γ2 for z2, we used a simplified version of the
iterative solution algorithm described in the Appendix with N = 1.
In the numerical simulations presented here, we simulated an obstacle avoidance maneuver that is commonly
known as the elk-test. The maneuver takes place at a speed of v = 140 km/h and with a peak steering magnitude
of 100◦. The results of the simulations are presented in Figure 3, which demonstrates the effectiveness of the
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Table 2. Fixed model parameters
parameter value unit
m 1224.1 [kg]
Jxx 362 [kg ·m2]
Jzz 1279 [kg ·m2]
lv 1.102 [m]
lh 1.254 [m]
T 1.51 [m]
h 0.375 [m]
c 4000 [kg ·m2/s]
k 36075 [kg ·m2/s2]
Cv 90240 [N/rad]
Ch 180000 [N/rad]
controller in preventing rollover in this dangerous maneuver by keeping the magnitude of LT Rd less than one.
Notice that driver intervention of the controller as measured by the difference in roll angles of the controlled and
uncontrolled vehicles show a slight difference, implying that the control action would probably be undiscernible by
the driver, which is favorable and was one of our aims.
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Figure 3. Comparison of the controlled (with fixed model) and uncontrolled vehicles.
It is of particular interest for us to see how the suggested controllers affect the vehicle path. To do this, we
note that the coordinates (x, y) of the vehicle CG relative to the road satisfy
x˙ = vcos(β +ψ) , (34)
y˙ = vsin(β +ψ) , (35)
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where we choose the initial coordinates (x(0), y(0)) to be zero. In Figure 4 the CG trajectories of the con-
trolled and the uncontrolled vehicles are compared along with the remaining states. We observe from trajec-
tory plots that control action causes a small divergence from the uncontrolled vehicle path during the first
half of the maneuver while preventing rollover; in a real driving situation, the driver would time the second
half of the maneuver based on the speed and location of the vehicle. Also similar to the roll angle variation,
the remaining state plots of the controlled vehicle are close to those of the uncontrolled vehicle during the
maneuver.
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Figure 4. Comparison of the controlled (with fixed model) and uncontrolled vehicle states and trajectories.
5.2 (b) Robust control design
We now extend the design to cope with parameter uncertainty. Specifically, we now redesign the controller to take
into account the parameter uncertainties resulting from bounded vehicle speed variations as well as CG height
uncertainties by utilizing Assumption 4.1 and using Theorem 4.2.
In what follows we shall assume that the vehicle speed v is bounded, that is, v ≤ v ≤ v, where v and v denote
the lower and upper bounds on the speed, respectively. In order to represent typical freeway driving conditions we
chose the speed extrema as v = 20m/s and v = 40m/s in the numerical simulations below. We further assume that
uncertain CG height h belongs to the interval [h,h], where h = 0.2[m], and h = 0.5[m] denote the lower and upper
bounds of the uncertain CG height, respectively.
We proceed as in the previous section where we used (25) as the vehicle model for our control design and the
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matrices ˜A and ˜B are described in (3). Note that these matrices depend in a multi-affine fashion on the parameters
θ1 := 1/v , θ2 := v , θ3 := h , θ4 := h2 . (36)
Hence, as our model for robust control design, we consider
˙ξ = ˜A(θ)ξ + ˜B(θ)ω + ˜B(θ)u (37)
where
˜A(θ) =


−σ
m
θ1− σJxx θ1θ4
ρ
m
θ1+ ρJxx θ1θ4−θ2 − cJxx θ3 − kJxx θ3+
mg
Jxx θ4
ρ
Jzz θ1 − κJzz θ1 0 0
− σJxx θ1θ3
ρ
Jxx θ1θ3 − cJxx − kJxx +
mg
Jxx θ3
0 0 1 0


, ˜B(θ) =


Cv
m
+ CvJxx θ4
Cvlv
Jzz
Cv
Jxx θ3
0


(38)
and
1
v
≤ θ1 ≤ 1
v
, v ≤ θ2 ≤ v , h ≤ θ3 ≤ h , h2 ≤ θ4 ≤ h2 . (39)
As before, we consider PI controllers of the form
u = KPξ +KIξI , (40)
˙ξI = ψ˙ −αδd ξI(0) = 0 .
Recall the performance outputs z1 and z2 described in (29) and (30). Again, we are interested in synthesizing a
stabilizing controller which minimizes the level of performance γ1 for z1 while keeping the level of performance γ2
for z2 below some prespecified level γ2. With the augmented state x = [ξ T ξI]T , the proposed controller structure
can be simply described by u = Kx where
K =
[
KP KI
]
, (41)
and the behavior of x and the performance outputs can be described by
x˙ = A(θ)x+B(θ)ω +Bu(θ)u
z1 = C1x (42)
z2 = D2uu,
where
A(θ) =
[
˜A(θ) 0
cψ˙ 0
]
, B(θ) =
[
˜B(θ)
−α
]
, Bu(θ) =
[
˜B(θ)
0
]
, C1 =
[
˜C 0
]
, D2u = 1 , (43)
and cψ˙ = [0 1 0 0 ]. Since the matrices A(θ), B(θ), Bu(θ) depend in a multi-affine fashion on θ and each component
of θ is bounded, it follows that the matrix
[
A(θ) B(θ) Bu(θ)
]
can always be expressed as a convex combination
of the following 16 matrices
[
A(θ) B(θ) Bu(θ)
]
where θk equals its minimum or maximum value for k = 1, . . . ,4. (44)
November 23, 2006 14:51 International Journal of Control SolmazCorlessShorten˙IJC06˙final
A Methodology for the Design of Robust Rollover Prevention Controllers for Automotive Vehicles with Active Steering 13
Note here that θk denotes the kth element of the 4-vector θ . Hence the augmented plant satisfies Assumption 4.1.
Now one can use Theorem 4.2 to design a controller which guarantees desirable output performance which is
robust with respect to variations of speed and CG height which satisfy v≤ v≤ v and h≤ h≤ h. In using Theorem 4.2
to obtain a controller which minimizes the level of performance γ1 for z1 subject to a specified level of performance
γ2 for z2, we used an iterative solution algorithm similar to the one described in the Appendix.
5.2.1 Simulations. Here we present three sets of numerical simulations. The first one is the identical obstacle
avoidance (elk test) scenario as in the fixed parameter case. Thus, the peak value of the driver steering input was
δp = 100◦ and constant speed was set to be v = 140km/h. The results are presented in Figures 5 and 6, which
demonstrate the effectiveness of the controller.
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Figure 5. Comparison of the robustly controlled and the uncontrolled vehicles (v = 140km/h, δpeak = 100◦, and h = 0.375m).
Comment : From the simulation results of the fixed and the robust controllers for the same maneuver, we observe
that both methods are effective in reducing the load transfer ratio LT Rd , and thus preventing rollover. However the
robust controller performance is far less conservative. Also notice that driver intervention of the controller by any
chosen measure is practically undiscernible by the driver, which is favorable and was one of our aims.
In the second set of numerical simulations, we again tested a similar obstacle avoidance maneuver (elk test)
however, this time we set the peak value of the driver steering input as δp = 150◦ and constant speed was fixed
as v = 70km/h. Moreover the CG height was selected as h = 0.45m. The corresponding simulation results are
presented in Figures 7 and 8, which demonstrate the effectiveness of the controller for varying CG height.
In the third set of numerical simulations, we performed an obstacle avoidance maneuver with a peak driver
steering input of δp = 120◦. Also this time we implemented a rapid change in velocity from the initial value of
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Figure 6. Comparison of the trajectories and states of robustly controlled and the uncontrolled vehicles (v = 140km/h, δpeak = 100◦, and h = 0.375m).
v = 140km/h, which simulates braking action during the maneuver. In this simulation CG height was fixed to
be h = 0.375m. The corresponding simulation results are presented in Figure 9 and Figure 10 demonstrating the
effectiveness of the controller design for varying CG height and speed.
Comment : In all the simulation examples we observe that the robust controller is quite effective in reduc-
ing the load transfer ratio LT Rd below the safety limits while keeping the controlled states to be sufficiently
close to the reference vehicle states. Also notice that driver intervention of the controller is insignificant,
which was one of the intended design goals.
5.2.2 Controller mode switch. A basic problem with the aforementioned controllers is that they are always active.
That is, they are always attempting to limit the LTR, even in non-critical situations, thus potentially interfering
with, and annoying the vehicle driver. It therefore makes sense only to activate the controller in situations where the
potential for rollover is significant. Here we introduce a switching criteria for activating the controller that is based
on Lyapunov theory. The reasons for considering such a switching criteria are outlined below.
The switching method introduced here is based on the Lyapunov function V (x) = xT Px, where the positive
definite symmetric matrix P is given by P = S−1 and S is obtained when solving the LMIs in the controller design.
Ideally, the controller is only activated when V (x) reaches some critical value Vcrit . The critical value is chosen so
that |LT Rd |< 1 when V (x)≤Vcrit . In particular, we regulate the controller input according to
u =
{
0 if V (x)≤Vcrit − ε
Kx if V (x)≥Vcrit
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Figure 7. Comparison of the robustly controlled and the uncontrolled vehicles (v = 70km/h, δpeak = 150◦, and h = 0.45m).
with Vcrit chosen to guarantee that the LT R is close to one when the controller is activated.
The reasoning behind the above strategy is as follows. Recall from Remark 3 that our original controller design
guarantees that ˙V , the time rate of change of V along a solution, is negative outside the ellipsoid E (ρω) defined in
(22) where ρω is a bound on the magnitude of the disturbance input. Suppose now that the controller is not activated
until V (x) > Vcrit . Then for driver inputs ω which satisfy µ0‖ω(t)‖2 ≤Vcrit , the switching controller will guarantee
that ˙V is negative outside the ellipsoid
Ecrit := {x ∈ Rn : V (x)≤Vcrit} . (45)
This in turn guarantees that the ellipsoid is invariant and attractive. In particular, if a state trajectory starts at zero
and µ0‖ω(t)‖2 ≤ Vcrit then, the state trajectory remains within this ellipsoid. Recall also that ‖z1‖ ≤ µ11V (x) and
z1 = LT Rd ; hence, whenever a state trajectory starts at zero and µ0‖ω(t)‖2 ≤Vcrit , we have that |LT Rd | ≤ µ11Vcrit .
By choosing
Vcrit < 1/µ11 , (46)
we guarantee that the controller turns on before |LT Rd | reaches one, but, the controller does not switch on for small
driver steering inputs. In accordance with standard practice we propose the following continuous switching-type
controller to avoid chattering action:
u = ζ (V (x))Kx where V (x) = xT S−1x (47)
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Figure 8. Comparison of the trajectories and states of robustly controlled and the uncontrolled vehicles (v = 70km/h, δpeak = 150◦, and h = 0.45m).
and
ζ (V ) = 1
2
+
1
2
sat
[
2
ε
(V −Vcrit)+1
]
; (48)
here sat denotes the saturation function and ε is a small positive number. The graph of ζ is depicted in Figure 11.
We demonstrate the performance of the above switching controller with further simulations whose results are
illustrated in Figure 12. These correspond to an obstacle avoidance maneuver where the peak value of the driver
steering input is δp = 50◦ and the vehicle speed was fixed at v = 140km/h. Notice that although there is no rollover
threat in this maneuver, the original linear robust controller was trying to compensate by a very small amount as
seen from the actuator input plot. Whereas the robust controller with the suggested switching produces no input and
the LT Rd corresponding to the switching controller is identical to that of the uncontrolled vehicle, demonstrating
the efficacy of the suggested method.
6 Conclusions
We have presented a methodology for the design of vehicle rollover prevention systems using active steering actu-
ators. By introducing the load transfer ratio LT Rd , we obtain a system performance output whose value provides
an accurate measure for determining the onset of rollover. Our rollover prevention system is based upon recent
results from Pancake, Corless and Brockman, which provide controllers to robustly guarantee that the peak value
of the performance output of an uncertain system does not exceed a certain value. Simulation results are presented
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Figure 9. Comparison of the robustly controlled and the uncontrolled vehicles (v0 = 140km/h, δpeak = 120◦, and h = 0.375m).
to illustrate the benefits of the proposed approach. Future work will proceed in several directions. We shall extend
the methodology to include differential braking, active suspension and combinations thereof to refine our rollover
prevention strategy, and analyze the resulting control allocation problem. We shall also examine the efficacy of our
controllers in the presence of conditions which can result in a tripped rollover. As an alternative approach we shall
also investigate a gain scheduled control approach based on locally valid fixed models and LMI based controllers
as described in this paper. In another possible extension of the synthesis procedure we shall look into the use
of more complex vehicle and/or tire models with the LMI algorithm.
A second strand of work will investigate refinement of the synthesis procedure. In particular, we shall investigate
whether convergence and feasibility conditions can be developed to determine the existence of control gains to
achieve certain pre-specified performance parameters γ j.
On the practical side of this work, we have scheduled with our industrial partners an evaluation of our control
design in real production vehicles. We are also looking into extending these ideas to railroad vehicles.
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Appendix A: Iterative algorithm for robust control design
In our rollover controller design we attempt to minimize the level of performance γ1 while keeping the level of
performance γ2 below some specified level γ2. Utilizing the structure of the data in the rollover control design
problem, Theorem 4.2 and Remark 2 one can solve the above minimization problem by solving the following
problem:
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Minimize µ0µ11 subject to
[βi(SATi +AiS+LT BTui+BuiL)+S βiBiβiBTi −µ0I
]
≤ 0 for i = 1, . . . ,N
[ −S SCT1
C1S −µ11I
]
≤ 0
[−S LT
L −µ12I
]
≤ 0
µ0µ12 ≤ γ22
and (A1)
S = ST > 0
µ0,µ11,µ12 ≥ 0
βi > 0 for i = 1, . . . ,N
Then γ1 =
√µ0µ11 and K = LS−1.
To solve the above optimization problem, one first needs a value of γ2 for which the above inequalities are feasi-
ble. To achieve this one can first minimize γ22 = µ0µ12 subject to all the inequalities above except those involving
µ11 and γ2. After this first minimization ones obtain a value of γ2 which we denote by γ2 f . Now choose γ2 ≥ γ2 f ;
in this paper, γ2 = 5γ2 f . Having obtained a feasible value of γ2, one can can then minimize γ1 = µ0µ11.
The above inequalities and objective functions are not linear functions of the variables. However if we separate
the variables into two groups S,L,µ11,µ12 and β1, . . . ,βN ,µ0, the inequalities are linear with respect to each group
of variables. Also, we can use commercially available software to solve optimization problems with linear objective
functions and linear matrix inequality constraints. Based on these observations, we propose the following iterative
algorithm in an attempt to solve the above optimization problems.
Algorithm. To initiate the optimization of γ2 one needs feasible symmetric matrices S and L. These can be found by
solving the corresponding quadratic stabilizability problem using the following linear matrix inequalities
SATi +AiS +BuiL+L
T BTui +2ηS ≤ 0 for i = 1, . . . ,N (A2)
for some η > 0. Notice that if there is no solution to this quadratic stabilization problem, then the first inequality in
(A1) does not have a solution.
The next part of the algorithm now iterates through Steps 1-3 in an attempt to minimize γ2.
1. Fix S and L to those values obtained as a solution to (A2) or from the previous iteration.
Minimize µ0 subject to
[βi(SATi +AiS +LT BTui +BuiL)+S βiBiβiBTi −µ0I
]
≤ 0 for i = 1, . . . ,N
βi > 0 for i = 1, . . . ,N
µ0 ≥ 0
2. Fix β1, ...,βN and µ0 from the previous step.
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Minimize µ12 subject to
[βi(SATi +AiS +LT BTui +BuiL)+S βiBiβiBTi −µ0I
]
≤ 0 for i = 1, . . . ,N
[−S LT
L −µ12I
]
≤ 0
S = ST > 0
µ12 ≥ 0
3. Let γ22 = µ0µ12 and return to Step 1 unless γ2 has not decreased by a certain prespecified amount from the
previous iteration.
Although the above steps may not achieve a global minimum for γ2, a feasible value of γ2 (which we denote by
γ2 f ) will be obtained along with corresponding feasible S and L matrices. We now fix γ2 at γ2 > γ2 f ; in this paper,
γ2 = 5γ2 f .
The next part of the algorithm attempts to minimize γ1 subject to γ2 ≤ γ2. It iterates through Steps 4-6.
4. Fix matrices S and L from the previous stage or the previous iteration.
Minimize µ0 subject to
[βi(SATi +AiS +LT BTui +BuiL)+S βiBiβiBTi −µ0I
]
≤ 0 for i = 1, . . . ,N
βi > 0 for i = 1, . . . ,N
µ0 ≥ 0
5. Fix β1, . . . ,βN and µ0 from the previous step.
Minimize µ11 subject to
[βi(SATi +AiS +LT BTui +BuiL)+S βiBiβiBTi −µ0I
]
≤ 0 for i = 1, . . . ,N
[ −S SCT1
C1S −µ11I
]
≤ 0
[−S LT
L −µ12I
]
≤ 0
µ0µ12 ≤ γ22
S = ST > 0
µ11,µ12 ≥ 0
6. Let γ21 = µ0µ11 and return to Step 4 unless γ2 has not decreased by a certain prespecified amount from the
previous iteration.
Note that although the iterations above may not achieve a global minimization of γ1, each iteration of Steps 4-6
decreases γ1.
